Abstract. In this paper, we obtain a rigidity theorem for Lagrangian submanifolds of C n and CP n with conformal Maslov form.
Introduction
Let ( M n , J, g) be a Kähler manifold of complex dimension n. The Kähler form ω on M n is given by ω(X, Y ) = g(X, JY ). An immersion ψ : M n → M n of an n-dimensional manifold M is called Lagrangian if ψ * ω ≡ 0. Lagrangian submanifolds in a Kähler manifold or more generally in a symplectic manifold appear naturally in the context of mathematical physics. Since 1970s, various kind of Lagrangian submanifolds in Kähler manifolds have also been investigated extensively from Riemannian geometric point of view (see [1] and the references therein).
From [4] , we know that the n-sphere cannot be embedded in C n as a Lagrangian submanifold. This result is not true when the Lagrangian sphere is immersed but not embedded. The simplest immersions of S n into C n , known as Whitney spheres [8] , are induced by a map ψ : E n+1 → C n ( ∼ = R 2n ) defined by ψ(x 0 , x 1 , · · · , x n ) = r 1 + x 2 0 (x 1 , · · · , x n , x 0 x 1 , · · · , x 0 x n ) + A where r is a positive number and A is a vector in C n . We will refer to r and A as the radius and the center of the Whitney sphere respectively. The Whitney spheres have the best possible behavior either from the viewpoint of topology or the viewpoint of submanifold geometry. They have a unique self-intersection point ψ(−1, 0, · · · , 0) = ψ(1, 0, · · · , 0). Their second fundamental form h satisfy
where X, Y are tangent to ψ and H = 1 n trace(h) is the mean curvature vector of the Whitney sphere. This property may be regarded as the Lagrangian version of umbilicity. In [7] , it was proved that the Whitney spheres are the only closed Lagrangian submanifolds in C n having this property.
From [1] , we know that there is no Lagrangian immersion of S n into C n with parallel mean curvature vector. However, the Whitney spheres have the property that JH are conformal vector fields. We may regard a Lagrangian submanifold with this property as the analogue of hypersurfaces of constant mean curvature. As the dual form of JH is the Maslov form of the Lagrangian immersion, the Lagrangian submanifolds whose JH are conformal vector field will be known as Lagrangian submanifolds with conformal Maslov form (see [7] ). In [7] , these submanifolds were studied when the ambient space is C n . The authors proved in [7] that the Whitney spheres are the only compact Lagrangian submanifolds of C n with conformal Maslov form and the null first Betti number. This result may be regarded as the Lagrangian version of the classical Hopf theorem. When the ambient spaces are CP n and CH n , the authors in [2] , [4] constructed similar Lagrangian immersions from S n into these spaces, which were called Whitney spheres too. It turns out that (1) also characterizes Whitney spheres among closed non-minimal Lagrangian submanifolds when the ambient spaces are C n and CP n . In the case of CH n , there are other two families of examples, besides the Whitney spheres of CH n , that satisfy (1). In this paper, we first introduce a modified second fundamental form B suggested by (1) . In terms of the square norm of B, we will establish rigidity theorems for Lagrangian submanifolds of C n and CP n with conformal Maslov form, and thus characterize the Whitney spheres (Theorem 3.3) in these spaces. 
Preliminaries
where {e 1 , · · · , e n } is an orthonormal tangent frame of M . We choose a local orthonormal frame field {e 1 , · · · , e n } of M and hence {e 1 * = Je 1 , · · · , e n * = Je n } forms a local normal frame field of M in M n . Let
denote the dual frame field of {e 1 , · · · , e n e 1 * , · · · , e n * }.
In this paper, we shall make use of the following convention of indices:
The structure equations of M are given by
Restricting these forms to M , we have
Define the first covariant derivative of h
We denote by M n (4c) the complex space form of constant holomorphic sectional curvature 4c, i.e., its curvature satisfies
It is known that
Notice that JH is a tangent vector field when the submanifold is Lagrangian. In the introduction, we present the Whitney spheres in C n . From [4] , we obtain the following family of Lagrangian immersions
given by
that are called the Whitney spheres in CP n . There are Whitney immersions of S n into CH n too (see [4] for details). Remark 2.1. In the case c < 0, there are other two families of examples, besides Whitney spheres of CH n , whose second fundamental forms satisfy the property in Lemma 2.3.
Rigidity theorems for Lagrangian submanifolds
In this section, we will establish a rigidity theorem for Lagrangian submanifolds in C n and CP n with conformal Maslov form. Let ψ : M n → M n (4c) be a Lagrangian submanifold with conformal Maslov form. We define
for any tangent vector fields X, Y of M . It is easy to verify that trace(B) = 0. With respect to the above orthonormal frame field {e 1 , · · · , e n , e 1 * , · · · , e n * } along M , we have
By a direct computation, we may get
Define the first and the second covariant derivatives of b m * ij as follows: 
By Ricci identities and Lemma 3.1, we obtain
From (4), (5), we have
where
Here we assume e 1 * //H and S H = (b
For a matrix A = (a ij ), we denote by N (A) the square norm of A as in [3] , i.e.,
From Lemma 3.2, we know
or equivalently,
then ψ(M ) is the Whitney sphere.
Proof. Since M is closed, we have
By the assumption (b) Let M = S 1 (r 1 ) × · · · × S 1 (r n ) ֒→ C 1 × · · · × C 1 = C n be the standard Lagrangian flat torus in C n , which has parallel mean curvature vector. By a direct computation, we know that it has conformal Maslov form and
We also have the standard flat Lagrangian torus in M n (4c) with c > 0 (see for example [Ch] ), which has parallel mean curvature, and thus has conformal Maslov form. These examples show that some upper bound for B 2 is necessary to characterize Whitney spheres. It would be interesting to get the optimal gap theorem. 
